Some similarities between ion waves in plasmas and gravity waves in incompressible fluids are investigated. It is shown that for zero ion temperature the ion-wave dispersion relation is similar to that of gravity waves in a stratified liquid between rigid, horizontal walls; for large wavelength the ion waves behave as the surface gravity waves of shallow-water theory. The general character of the pattern of ion waves arising in steady plasma flows is analyzed for arbitrary ion temperature, wavelength, and acoustic Mach number (which is based on the ion-acoustic speed), and is compared to the pattern of surface gravity waves in steady water flows when surface tension is taken into account.
I. INTRODUCTION
The purpose of this paper is to point out some similarities between gravity waves in incompressible fluids and ion waves in plasmas, and to discuss the general character of the pattern of ion waves in steady plasma flows.
1 Dissipative effects will be neglected, even though this may be justified only under some restrictive conditions on wavelength, ion temperature and, for weakly ionized plasmas, the ion-neutral collision frequency.
In Sees. II and III, the dispersion relation for ion waves is briefly discussed in the limits of zero ion temperature and large wavelength, respectively. The ion waves are shown to behave as gravity waves in a stratified liquid between rigid, horizontal walls in the first case, and as surface gravity waves in shallow water in the second.
In Sec. IV we consider uniform, steady plasma flows and study in detail the resulting wave pattern for arbitrary wavelength, ion temperature, and acoustic Mach number (the ratio of flow velocity to ion-acoustic speed); the unsteady wave pattern in a plasma at rest may be obtained from the results for large acoustic Mach number.
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II. COLD-ION LIMIT
To study the electrostatic oscillations of a plasma, one considers Poisson's equation for the electric potential <j>, %^-^eiZiNi-Ne)
together with appropriate equations for the ion and electron densities iV; and N e iZi is the ion charge number). For the low-frequency (ion) waves discussed in this paper the electrons are in equilibrium with the field so that for small perturbations one may write equations,
where No and T e are the equilibrium electron density and temperature. For the ions, however, no such simplification is possible. In the zero ion-temperature limit assumed in this section, the ion motion is completely described by continuity and momentum
where D/Dt=d/dt-\-VvV, and m f and V,-are the ion mass and mean velocity.
After linearizing Eqs. (3) and (4), the system (1)- (4) 
which represents ion-acoustic waves (w~F s fc) for fcXx><3Cl, and ion plasma waves (wmu P i) for fcXjvM. 2 Let us now consider an incompressible fluid between two rigid, horizontal walls in a uniform gravity field g. The problem is governed by the incompressibility and continuity equations 8 |P-0,
• (7) v-v=o, together with the momentum equation
Here, l v is an unit vector along the y axis, which points upward, and p, p, and V are the density, pressure, and velocity of the liquid. At rest the liquid is assumed to be stratified according to the law p = p=poexp( -y/L); we then have V=0 and dp dy
•-Pg, or p = p=gLp.
For perturbations around this equilibrium we have
and linearizing Eqs. (7)- (9) we get dp' w'dp
pdw' dp'
~dT ~dy~ -P _i p' -=0. 
Assuming that H<g.L, H being the distance between the walls, we may neglect the last term in (14); moreover, w must vanish at y = 0 and y=-H, so that we have
Thus, w* obeys the equation 
III. LARGE WAVELENGTH LIMIT
For finite ion temperature Eq. (4) should read
where P t is the pressure tensor. For small perturbations with a wave frequency small compared with the ion-ion collision frequency we may use a scalar pressure that behaves as N? where y=(s-\-2)/s is the adiabatic exponent, s being the number of degrees of freedom of the ions; in the opposite limit we may use a scalar pressure that behaves as N? (corresponding to a onedimensional compression, with 5=1 in 7), if the phase velocity of the wave is large compared with the ion velocities 4 (only possible for a small ion-to-electron temperature ratio and wavelengths large compared with the ion Debye length) .
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After linearization, Eqs. (l)- (3) and (4') yield
for e->0, V s approaches the value given in Sec. II and (6) is recovered from (18). The basic difference between (6) and^(18) is that according to (6) the group velocity, do>/dk, decays monotonically to zero, while in (18) du/dk passes through a minimum {at k\o = [l+(4e-(-3) 1/2 e _1/2 ] 1 ' 2 j before approaching the limiting value V,6 1/2 (l+e) -1 ' 2 ; notice that for «<Cl, the wavelength at the minimum becomes AD(€/3) I/4 27IV$> AD («/T) 1/2 2"" (which is the ion Debye length) so that the aforementioned conditions for the use of the N ? pressure law are satisfied at the minimum.
Let us now consider a nonstratified layer of incompressible fluid in an uniform graviational field g; the fluid has a free-surface and a horizontal bottom at depth H. . Equation (20') could be directly obtained from the dispersion relation for surface gravity waves in water of arbitrary depth,
by expanding (21) for small kH.
IV. STEADY WAVE PATTERNS IN UNIFORM FLOWS
In this section we study the wave patterns arising from (18) for arbitrary e and ICXD, and compare it with the results of water-wave theory (when both gravity and surface tension effects are considered). Although there is no complete similarity such as in the limiting cases 6-»0 or &DA<<C1, most essential features in both problems appear to be the same.
We consider steady-state waves in uniform flows and introduce the acoustic Mach number, M S =U/V S (where V is the flow velocity), referring to superacoustic and subacoustic flows for M S >1 and M"<1, respectively; the unsteady wave pattern in a plasma at rest may be obtained from the limit M s -><x> (hyperacoustic equivalence principle 1 ). , and this restriction is now removed. The present analysis will cover the entire range of e, M s 2 , and k\ D . Equation (17) only holds at large distances from the source of perturbation; moreover, only at such distances does a behavior develop which is essentially independent of the source. Thus, our analysis will only deal with the asymptotic character of the wave pattern.
A e(l-)-€) _1 3, no waves can be observed becavise the flow is "subsonic" for all k.
At large distances i the contribution of the k z roots becomes dominant; k z (ki, e, M s ) is given below as a function of k±, e and T-H=[(1+e)e~lM s 2 -lj -1 : Fig. 2 ). The appearance of maxima and minima in Fig. 1 is of special interest because the usual asymptotic analysis based on the group-velocity concept (stationary-phase method) shows that steep wave fronts develop at values of u{<j^x/z, x being the transverse space coordinate) coinciding with any of those extremal values of &z'.
7,1 For reference we give ,--
' x =cos(0/3) -3>'« sin(9/3), 9 =cos~i (2«i/«ilf ,-*).
simple expressions for both k,' and kz"=d 2 k z /dk± 2 :
For 1<M S 2 < oo (curve 1 in Fig. 1 ) there are maxima at &A=0 and at kx= oo ; the first maximum is i' = «ia(Jf,'-l)-W, and the second one
There is also a minimum, I z ' = o-3 , at a finite &J.; cr 3 is given in Table I the maximum "group velocity" is 0-j; for <r><ri the plasma is, therefore, quasineutral (no waves). For M,<M*(e), the plasma is quasineutral for <r><r 2 . The wave pattern is schematically represented in Fig. 3(a) -(d) where we notice that several sets of waves appear. The curves of constant phase are given for each set. For l<if s <co there are three wave fronts at <r=a\, <r 2 , and <r 3 ; the plasma is quasineutral behind the <r 3 front, sustains two sets of waves between <r 2 and o- 8 , and one set between <n and o-2 .
As M,-»°° all three fronts collapse into the % axis, retaining the topological order of Fig. 3(a) . As M->1, the leading front approaches the * axis.
When M s falls below 1, this front bounces back approaching the <r 2 front; a new type of wave (transverse) appears on all three regions behind a = <x\ (the region near the axis is no longer quasineutral).
For M,<M*{e), <r 2 becomes the leading front and there is only one set of waves between o-2 and o- 3 . Notice that a* is the minimum value of max (01, a 2 ) over the range M S <1; thus in subacoustic flow there is a minimum value of the angle of the leading front. This minimum depends on e and goes to zero as e->0. Max (ffi, a 2 ) is given in Fig. 4 as a function of e and M, % .
At M,=M**, the wave front at <T = <T** is particularly strong. When M,<M**(e), there is only one wavefront and one set of waves. As M s ->e(l-(-e), _1 this front approaches the x axis and all waves disappear for smaller M,. Now consider the dispersion relation for water waves when both gravity and surface tension effects are taken into account, 
which may be compared with (23).
We notice the following common features of Eqs. The only^basic difference between (18) and (26) is that as k->«, «~fc in the first equation while w~fc 3/2 in the second; thus, there is no absolute maximum of the group-velocity in (26). For steady flows, however, only those waves that satisfy w/k<U are observed so that an effective maximum of du/dk exists in (26) too.
From the preceding discussion one may easily conclude that the general features derived from (23) for steady ion waves may be derived from (27) for water waves. In particular, curves in the parametrical Af 
